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ABSTRACT

In this study, firstly, the natural lift & of a curve a and geodesic spray concepts are defined in dual space.
Then, “The natural lift & of a curve « is an integral curve of the geodesic spray X if and only if « is a geodesic
on M’ which was given by Thorpe has been proved in dual space and it has been done applications for the
natural lift curves of the spherical indicatries of tangent, principal normal, binormal vectors and the fixed
centrode of a curve. Furthermore, some interesting results are obtained depending on the assumption the natural
lift curves should be the integral curve of the geodesic spray on the bundle in dual space.
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I.INTRODUCTION AND PRELIMINARIES

Let a be a curve with curvature x and torsion 7.We 1. THE NATURAL LIFT OF CURVES

denote by {T(t), N(t), B(t)} the moving Frenet AND GEODESIC SPRAY

frame along the curve a. Then, Frenet formulas are

given by Definition 11.1 Let M be a hypersurface in dual space
oL and leta: 1- M be a parametrized curve. a is called an
T=t+et* integral curve of X if
N =7+ en*, Lla®)=X (a(t)  (foralltel)
B=b+eb* @)

. where X is a smooth tangent vector field on M. We
Curvature « and torsion t

have
K=k tek >,
TM=UT, M, peM
t=k,+ek,*. (2)
We can write where T, M is the tangent space of M at p and (M) is
the space of vector fields of M.
t=kqn,

Definition 11.2 a:1-TM given by

a(t)= (a(t), a(®)=da®)la

b'=—k,, 3)
t*'=k1n*, is called the natural lift of @ on TM.Thus,we can write
, da _ d,. _ .
n* =b—k1t*+k2 b*, E = E(a(t)\a(t))—Da('t)a(t)
(4)

b*,=—n—k2n*.
where D is the Levi-Civita connection in dual space.
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Definition 11.3 For ve TM, the smooth vector field Now, assume that a be a geodesic on the unit
Xe (M) defined by dual sphere. Then
X (V) =—<v, S (v) >N, Ba(t)d(t):o'

©)
: . . Hence, by the Gauss-Equation we have
is called the geodesic spray on the manifold TM, y g
where N is the unit normal vector field of M. Da(t)d(t)la(t) +<a(t), S
Theorem 11.1: Let « be a curve on the unit dual (a(£))>Nlgr) =O0.
sphere. The natural lift & of the curve « is an integral _ _ _ _
curve of the geodesic spray X if and only if « is a Since X is the geodesic spray, we can write

geodesic on the unit dual sphere.

4 (a(t)lq X(a@(®)) lay=
a = =0,
Proof. Let a(t) = a, (t)+ea*;(t) be an integral curve of at

the geodesic spray X. Thus d,. .
: Prey (@) aqy =X(@(0) lago,

2 @O)=X (@) = (@ () . '
+ea” 1 (1)lace): a(a(t) ) =X(a(v).

6
©) I1.L1.The Natural Lift Of The Spherical Indicatrix
Since X is a geodesic spray on the unit dual sphere, we Of Tangent Vectors Of

have We will investigate how a must be a curve satisfying
X the condition that @ is an integral curve of the

(@(t))=—< d(t),S(cY(t))>N|a(t). geodesic spray, where a being the spherical

) indicatrix of tangent vectors of a, @ is the natural lift

of the curve ay.

Form (6) and (7) we get Let a be a curve on the unit dual sphere. If & isan

integral curve of the geodesic spray, then by means of
d Theorem I1.1

—(@®) lgry=—< @(£),S(a(t))>Nlg ).
(8) D10,

Since last equation is true for all a(t) using (4) that is,
and S=I, Dy 0r+< dr, S (dr)> T(s)=0,

9) Since S=1, for the unit sphere, we have

where s is the arc-length of a.

. . . 2 -
Thus from the last equation and Gauss Equation Dag@r*llarlI*T(s) =0,

we have Ddr((k1+€k1*) (n+en®))
v |2 *\—,
5az('t)d(t):O, + |lar||*(t+et*)=0,
(10) di.r((k1+£k1*) (n+£n*))

— s 2 %\ —,
where D is the Gauss-Connection on the unit * [ldr|I*(t+et*)=0,

dual sphere. Hence, we have seen that « is a where s, is the arc-length of a;. After some algebraic
geodesic on the unit dual sphere. calculation we find that
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t(—ky+k?y — el * Yn(ire ) ab(k, +e(20k, +
k1 k1 k1
1)) +e( A +t5(—ky +k2;)+ k,b*)=0.
1
Since T, N, B are linear independent, we have
—ky+k?; — ek;* =0,

feq*
k1

ke
24

:O,
k1

k, +e (’j{—t“k2 + 1) =0,

_k1+k21 = 0,

k,=0.

Corollary I There is no curve a whose the spherical
indicatrix a is a great circle on the unit dual
sphere.Therefore,the natural lift a; of the curve a,
can never be an integral curve of the geodesic spray on
the tangent bundle T(S2).

11.2.The Natural Lift Of The Spherical Indicatrix
Of Principal Normal Vectors Of a

We will investigate how a must be a curve
satisfying the condition that @y is an integral
curve of the geodesic spray,where ay being the
spherical indicatrix of principal normal vectors of
a, @y is the natural lift of the curve ay.

Let « be a curve on the unit dual sphere. If @y is
an integral curve of the geodesic spray, then by
means of Theorem 11.1

Dy, =0,
that is,
D, an+< ay, S (ay)> N(s)=0,
where s is the arc-length of « .
Since S=I, for the unit sphere, we have
Dy din+llaylI*N(s) =0,

D\ (—(kq+ek,™) (t+et*)
+(ky ek, *)(b+eb®)) + || dy ||?(n+en*)=0,
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&(—(kﬁekl*)
(thet*)+(ky ek, *) (b+eb®)) + ||y |2 (n+en*)=0,

where sy is the arc-length of ay. After some
algebraic calculation we find that

t(—ky — ek *)+n(llwll® = llw]l? -
kyte(k,*kytky*ky))+0(k,
+ek,*)Ht*(—eky ) +n*(—k 2 +e(|lw]|) -
k?1))+ kob*=0,

where w is the Darboux vector.

Since T, N, B are linear independent, we have
—ky — eky*=0. (ky*=const.) ;

Iwll® = llwll* = k=0,

ky*ky+k,*k,=0,
k, +ek,*=0.  (k,=const., k,*=const.) ;
k,=0,

k?,=0,

Iwll* — k?1=0,
k,=0, (k,=const.).

Corollary Il If the curve a is a circular helix on
the unit dual sphere, then its spherical indicatrix
ay is a great circle on the unit sphere. In this
case, the natural lift &y of ay is an integral curve
of the geodesic spray on the tangent bundle T
(5?).

11.3.The Natural Lift Of The Spherical Indicatrix
Of Binormal Vectors Of «a

We will investigate how a must be a curve satisfying
the condition that &y is an integral curve of the
geodesic spray,where ag being the spherical indicatrix
of binormal vectors of a, &y is the natural lift of the
curve ag.

Let a be a curve on the unit dual sphere.If &g is an
integral curve of the geodesic spray, then by means of
Theorem 11.1
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that is,
Dy dp+< dg, S (d)> B(s)=0
where s is the arc-length of a.
Since S=I, for the unit sphere, we have
Dypdg+llasll*B(s) =0,
Dy (—(ky+ek,*)(n+en®)+k,? (b+eb*))=0,
é(—kzn—s(kzn*+k2*n))+ k,? (b+eb*)=0
where sy is the arc-length of a,,.After some algebraic

calculation we find that

ey — 2252 en(= 22 _ g, %)+ (k2 —
ky ky

ekey

kpte(k,*—1))+t*(kye)+n*(— X
2

y+b*e(k,? — k,)=0 .

Since T, N, B are linear independent, we have

kika*_
k2

k1—£ 0,

k .
- k_z - gkz* :0,
k2 — ky + e(k,*—1)=0,

k,=0,

ekey
k2

=0.

Corollary 111 There is no special position of the curve.

The natural lift & of the curve « is an integral curve of
the geodesic spray X if and only if « is a geodesic on
the unit dual sphere.

11.4.0n The Natural Lift Of The Fixed Centrode

Let a. be the fixed centrode of the motion by the
curve a. Then the curve is given by

ac=C(s)

and

w

wi’

where w being the Darboux vector.
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If $=¢(s) denotes the angle between B and C, then we
have

k,=|lwl|cos,
k,=(lwl[sing.

We will investigate how a must be a curve satisfying
the condition that @, is an integral curve of the
geodesic spray. Let the natural lift @, of @, be an
integral curve of the geodesic spray. According to the
Theorem I1.1, we write

dcdczol
Dy dc+< dg, S (dc)> C(s)=0
where s is the arc-length of a.

Since S=I, for the unit sphere, we have
= (@) +llacl*C=0
dsc (@c)+llac =y,

where s, is the arc-length of the curve a, and
C=sin(¢+e¢p*)T+ cos (p+£d*)B.

After some algebraic calculation we find that

T (—sin(¢p+ed*)( + ed *)?
+(bred*)cos(dred*)sin(@red*) (P + ed +)%)+

N(k; (+ep*)cos( p+ed*)+ha(d+ed*)sin( +e¢*))+

B (—cos(
d+ed*) (P + £ #)2 —sin(@+ed™)(P+ed*)+(P + e *
)3cos(p+edp*))=0

The last equation imply that ¢+edp*=0 or k,=k,=0.
Since cj>+ed>*=0,% is constant.
2

This implies that « is a dual helix.The condition
k,=k,=0 implies that « is a line. In the second case,
we don’t have a solution. Then we have the following
result.

Corollary IV If the curve « is a dual helix, then, its
fixed centrode a is a great circle on the unit dual
sphere. In this case, the natural lift @, of a. isan
integral curve of the geodesic spray on the tangent
bundle T (S2).
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